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A DENSITY THEOREM FOR 
ASYMPTOTICALLY HYPERBOLIC INITIAL DATA 
SATISFYING THE DOMINANT ENERGY CONDITION 

MATTIAS DAHL AND ANNA SAKOVICH 


Abstract. When working with asymptotically hyperbolic initial data sets 
for general relativity it is convenient to assume certain simplifying properties. 
We prove that the subset of initial data with such properties is dense in the 
set of physically reasonable asymptotically hyperbolic initial data sets. More 
specifically, we show that an asymptotically hyperbolic initial data set with 
non-negative local energy density can be approximated by an initial data set 
with strictly positive local energy density and a simple structure at infinity, 
while changing the mass arbitrarily little. The argument follows an argument 
used by Eichmair, Huang, Lee, and Schoen in the asymptotically Euclidean 
case. 


1. Introduction 

In general relativity Einstein’s equations read 

Ric'>' - iScal^T = T. ( 1 ) 

Here Ric^ and ScaP denote respectively the Ricci tensor and the scalar curvature 
of a spacetime (At, 7), and the symmetric divergence-free 2 -tensor T is the stress- 
energy tensor of the spacetime. A spacetime (Ad, 7) satisfying ([T]) is said to obey 
the dominant energy condition if for any future directed timelike vector v the vector 
-T(i.,.)« is either future directed timelike or null. This condition means that the 
energy density of (Ad,7) is non-negative and that the energy cannot travel faster 
than the speed of light. 

Let {M,g) be a Riemannian submanifold of the spacetime (Ad, 7) satisfying the 
Einstein equations with unit normal denoted by ry and second fundamental form 
denoted by K. In this case {M,g) can be viewed as a “constant time slice” of 
(Ad,7). The dominant energy condition for (Ad, 7) at points of M is equivalent to 
the inequality g > \J\g everywhere on M. Here the energy density g := T{r],r]) 
and the momentum density J := T(77, •) can be computed from g and K using the 
constraint equations 

- 2 g = -ScaF - (tr^ -h | ( 2 ) 

J = div® A — (i(tr® A). ( 3 ) 

By an initial data set for the Einstein equations we will mean a triple (M, g, A) 
consisting of a Riemannian u-manifold (M, g) and a symmetric 2 -tensor A dehned 
on M. We will say that (M, g, A) satishes the dominant energy condition if g > \J\g 
holds everywhere on M, where g and J are defined through ©--([S]). By the above 
discussion, this means that (M, g, A) arises as a constant time slice of a spacetime 
satisfying the dominant energy condition. 
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An initial data set {M,g,K) is said to be asymptotically Euclidean if outside 
some compact set M is diffeomorphic to the complement of a ball in the Euclidean 
space M", and if under this diffeomorphism {g, K) approaches {6, 0) sufficiently fast 
at infinity. For asymptotically Euclidean initial data sets asymptotic integrals at 
infinity can be defined. They are integrals which arise as boundary terms when 
integrating the constraint operator 

$ : (g, K) ^ (-Seal® - (tr^ Kf + \K\l, div® K - d(tr9 K)) 

against elements in the kernel of which correspond to Killing vectors of 

the Minkowski spacetime. In particular, this gives rise to the Arnowitt-Deser- 
Misner energy E and linear momentum P. The positive mass conjeeture asserts 
that E > |P|g provided that the dominant energy condition holds. In particular, 
E > 0 is expected to hold under the same assumption, which is the statement of 
the positive energy eonjecture. For recent progress on these conjectures, see [13]. 

For many applications in mathematical general relativity it is an advantage to 
work with initial data which has simple asymptotics at infinity. For example, an 
asymptotically Euclidean initial data set {M, g, K) is said to have harmonic asymp¬ 
totics if in asymptotically Euclidean coordinates at infinity we have 

g = (5, TT := K — (tr® K)g = {Eyd — div® Y), 

where £ denotes the Lie derivative, and the positive function u and the vector field 
Y are such that 

u{x) = 1 + Alxp-" + 0 (|a:|i-”), Yj{x) = + 0 (|a:p-”), 

for A S ffi. and B € R". In this case the Arnowitt-Deser-Misner energy and linear 
momentum can be easily recovered from the asymptotic expansions of u and Y at 
infinity, namely, 

E = 2A, p.=-n^B,. 

Further, many arguments can be simplified by working with initial data with 
strictly positive local energy density, that is such that the strict dominant energy 
condition pt > \J\g is satisfied. This condition is preserved under “small” perturba¬ 
tions of the initial data, whereas the standard dominant energy condition pi > \ J\g 
might get violated by a perturbation. This observation is crucial for the proof of 
the positive energy conjecture in dimension n = 3 by Schoen and Yau [24j and for 
its extension to dimensions 3 < n < 7 by Eichmair [T^j. 

In |13l Theorem 18] Eichmair, Huang, Lee, and Schoen prove that an asymp¬ 
totically Euclidean initial data set satisfying dominant energy condition can be 
slightly perturbed to an initial data with harmonic asymptotics which obeys strict 
dominant energy condition while changing the energy E and the linear momentum 
P arbitrarily little. That is, the set of asymptotically Euclidean initial data with 
these preferred properties is dense in the set of asymptotically Euclidean initial 
data satisfying the dominant energy condition. This result is used in the proof of 
the positive mass theorem by the above authors m Theorem Ij. 

The goal of the current paper is to prove the analogue of this density result for 
asymptotically hyperbolic initial data sets. Roughly speaking, an initial data set 
{M,g,K) is asymptotically hyperbolic if the Riemannian metric g approaches the 
hyperbolic metric b on hyperbolic space H" in a chart covering everything outside 
a compact set. For K, there are two natural choices: either AT —J- 0 at infinity (as 


A DENSITY THEOREM FOR ASYMPTOTICALLY HYPERBOLIC INITIAL DATA 3 

for spacelike totally geodesic hypersurfaces in asymptotically anti-de Sitter space- 
times) or itr —)• g at infinity (as for “hyperboloidal” hypersurfaces in asymptotically 
Minkowski spacetimes). In this paper we adopt the second approach and consider 
“hyperboloidal” initial data, see Definition 12.21 Then similar considerations as in 
the asymptotically Euclidean case give rise to the notion of mass for asymptotically 
hyperbolic initial data, which is a linear functional on a certain finite dimensional 
vector space. 

The main result of this paper is that a given asymptotically hyperbolic initial 
data set {M,g,K) satisfying the dominant energy condition can be approximated 
by an initial data set with conformally hyperbolic asymptotics in the sense of Def¬ 
inition 12.31 which obeys the strict dominant energy condition, while changing the 
value of the mass functional by an arbitrary small amount. While the method 
of the proof requires g — b = 0(e“'”’’) and K — b = 0(e“'”’’) for ^ < r < n, a 
slight modification of the argument yields a useful density result in the critical case 
T = n. The applications of our results are similar to those of m Theorem 18]. 
In particular, the results are used in the proof of the positive mass theorem for 
asymptotically hyperbolic initial data by the second author (in preparation). 

The paper is organized as follows. The definition of mass and its continuity with 
respect to the initial data is discussed in Section^ In Section[3]we show that a given 
asymptotically hyperbolic initial data set satisfying the dominant energy condition 
can be perturbed slightly to satisfy the strict dominant energy condition, while 
changing the mass arbitrarily little. Then in Section 2] we make a further pertur¬ 
bation to conformally hyperbolic asymptotics, while preserving the strict dominant 
energy condition. In Section [S] we prove a density result in the critical case, con¬ 
cerning asymptotically hyperbolic initial data sets that have Wang’s asymptotics 
(see Definition [Ql . Finally, in Section [6] we give comments on extensions of the 
results of this paper. Some supplementary results concerning differential operators 
on asymptotically hyperbolic manifolds are contained in Appendices [A] |b 1 and [C] 

Acknowledgements. We want to thank Romain Gicquaud and Lan-Hsuan Huang 
for helpful discussions and comments related to the work in this paper. 

2. Preliminaries 

2.1. Asymptotically hyperbolic initial data. We denote hyperbolic space of 
dimension n by HU"’ and the hyperbolic metric by b. We choose a point in H” as 
the origin. In polar coordinates around this point we have b = dr^ + sinh^ r a on 
(0, oo) X where a is the round metric on the unit sphere 5'"“^ and r is the 

distance to the origin. The open ball of radius R centered at the origin is denoted 
by Br, and its closure is denoted by H/j. 

We first give the definition of an asymptotically hyperbolic Riemannian manifold. 

Definition 2.1. We say that {M,g) is a -asymptotically hyperbolic manifold 
for a non-negative integer Z, 0 < /3 < 1 and r > 0, if there exists a compact set 
Kq C M, Rq > 0 and a diffeomorphism 

'if 

such that Ik,!? — b G (7;q^(]HI"; A^H”) and it satisfies 

- &llcL/3(]H[n\BH„;S2]H[n) := SUp 


< OO. 


4 


MATTIAS DAHL AND ANNA SAKOVICH 


The diffeomorphism introduced in this definition is called a chart at infinity 
for the asymptotically hyperbolic manifold. 

Let {M,g) be a Cl’^-asymptotically hyperbolic manifold for I, /3, r as in Defini¬ 
tion [2T] Suppose that m is a locally integrable section of a geometric tensor bundle 
E (see [M Chapter 3] for the definition of geometric tensor bundles) over M \ Kq. 
In this case we say that u G Wg’^{M \ Kq) for 0 < k < I, and 1 < p < oo if 

Note also the following equivalent definition of the Wg’^{M \ Kq) norm, 

0<j<k 

Building on these definitions, it is straightforward to define weighted Sobolev spaces 
Wg’^{M) for any 6, 0 < k < I, and 1 < p < oo. The weighted Holder spaces 
are defined in a similar fashion. We say that u G Cg’°‘{M \ Kq) for 
0<k + a<l + l3, and 0 < a < 1 if 

^ a;GH"\BRo + i 

The following equivalent definition of the \ Kq) norm is often useful, 

Again, these definitions can be extended to define weighted Holder spaces C^’“(M). 

The weighted Sobolev and Holder spaces that we have just defined are analogues 
of the respective spaces defined by J. Lee in |18j on conformally compact manifolds. 
It is easy to check that standard facts such as embedding theorems, the Rellich 
lemma, and density theorems hold for these spaces and that the statements of these 
results repeat verbatim the respective statements in |18j . In particular Lemma 3.6 
and Lemma 3.9 of [18] hold for Wg"^{M) and Cg"°'{M) as defined above and we 
will refer to [18] for these results throughout the text. 

It is straightforward to check that classical interior elliptic regularity as formu¬ 
lated in [m Lemma 4.8] holds for asymptotically hyperbolic manifolds and weighted 
function spaces as defined in Section 12.11 In Appendix [^ we show that improved 
elliptic regularity [M Proposition 6.5] holds in the current setting. As a conse¬ 
quence, Fredholm theory for geometric elliptic operators on asymptotically hyper¬ 
bolic manifolds in the sense of Definition 12.11 can be established, since the proof of 
m Theorem C] can be adapted. The reader is referred to Appendix lAl for details. 

We can now give the definition of an asymptotically hyperbolic initial data set. 
Recall that the energy density p and the momentum density J are defined via the 
constraint equations @“(|3]). 

Definition 2.2. A triple {M,g,K) is an asymptotically hyperbolic initial data set 
of class {a, t) for 0 < a < 1 and r > 0 if 

• (M, g) is a C^’“-asymptotically hyperbolic manifold in the sense of Defini¬ 
tion Eill 

• a symmetric 2-tensor K is such that K — g G S'^M). 

If, in addition, {p, J) G for some tq > 0 then {M,g,K) is an asymptotically 

hyperbolic initial data set of class (a,r, tq). 
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Abusing notation slightly we may summarize the content of this dehnition as 
follows: (M, g, K) is an asymptotically hyperbolic initial data set of class (a, r) for 
0 < a < 1 and r > 0 if (g — 5, AT — g) G (7^’“ x (7^’“. In this case (^, J) G C°’“. 
The necessity for the faster decay (/r, J) G will become clear in Section [521 

Given an asymptotically hyperbolic initial data set {M,g,K) of class (q;,t) it is 
convenient to set 

TT := {K - g)- trO{K - g)g. 

Note that tt G (7^’“ and that tt contains the same information as AT, since K = 
TT -\- g — 'n')g. It is therefore equivalent to work with (M, g, tt) as an initial 

data set, and in this paper we will only work with initial data given in this form. 
In terms of {g, tt) the constraint equations @-([3]) are written as 

—2/i = —(Seal® + n{n — 1)) + 2 tr® tt — — h |7r|g, 

n — 1 ® 

J = div® TT. 

By the constraint map we mean the map 

$ : {g, tt) I—>■ f—(Seal® + n{n — 1)) + 2 tr® tt — ^—h \tt\1, div® tt^ . (4) 

\ n — 1 ® y 

Finally, we dehne initial data sets with conformally hyperbolic asymptotics. Re¬ 
call that the conformal Killing operator C is dehned by 

{tYg)^J = f (div® r) 5 y, 

that is, (£yg)y is the trace-free part of the Lie derivative (£yg)ij = V^Yj- -I- Y^. 

Definition 2.3. We say that an initial data set (M, g, tt) has conformally hyperbolic 
asymptotics if there exists a compact set AIq, a radius Rq > 0, and a diffeomorphism 

such that 

4 2 „ 

= (1 -|- = (1 -I- u)’^-2£y6, 

where the function v and the radial and tangential components of the 1-form Y can 
be written in the form 

V = foe””’’ -I- ui, 

W = (Yo),e-"’' + (Yi)„ (5) 

Y^ = (Yo)^e-("-i)’' + (Yi)^, 

where (uo,Yo) G (7f^“ is independent of r and (ui, Yi) G for 0 < a < 1. 

2.2. The mass functional for asymptotically hyperbolic initial data. In 

this section we review the concept of mass in the asymptotically hyperbolic setting 
and discuss the continuity of mass with respect to the initial data. We hrst recall 
how the asymptotic charge integrals are dehned, following Michel [20j . 

Let (M, g, tt) be an asymptotically hyperbolic initial data set of type (a, t) for 
0 < q; < 1 and t > 0, and let T be the chart at inhnity as in Dehnition 12.11 
Clearly, in this case we have e:='I'*g — 6—>-0 and r^i^di^Tr^Oat inhnity. Let 
the constraint map <i> be dehned by ([4|). Since $(5, 0) = 0, linearization gives us 

$(4'*(5f,7r)) = D<^\(^b^o){e,r]) + Q{e,r]), (6) 
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where Q(e, rf) is a remainder term of second order. For any function V and 1-form 
w there is a unique 1 -form lU(v^n 7 )(e, ??) such that 

(^^l(b,o)(e,??), {V,w)) = div''l[J(y,^)(e,? 7 ) -f ((e, 77 ), q)(V, w)), 

where is the formal adjoint of F)$|(b_o)- Here (•, •) denotes the inner product 

induced by b on geometric tensor bundles over H". Contracting with (y, vu) € 
kerZ)$*j Pj we obtain 

{$(^'*(g,7r)), (y,zu)) = div^l](v,vj}ie,v) + (Q(e,??), {V,w)). (7) 

In this way we assign to every (V, w) G ker the charge integral 


Q(V,tx 7 )(ff, 7 r) := lim 

R-i-co 




where v is the outer unit normal of the (n — l)-dimensional sphere Sr in H”. 

The structure of the kernel of 0 ) understood, see Moncrief pT] , 

Namely, (V, corresponds to the normal-tangential (or lapse-shift) decomposition 
of the restriction along the unit hyperboloid of a Killing vector field of Minkowski 
spacetime. In other words, {V,zu^) is a Killing initial data (or KID) for Minkowski 
spacetime given on the unit hyperboloid. 

In particular, we have (V, —dV) G keri7$*j^ for V G A/", where the vector space 
Af is spanned by the functions 

V(o) = coshr, V(i) = sinhr, ..., = a:" sinhr 

expressed in polar coordinates on H" = (0,oo) x 5"“^. Here are the 

coordinate functions on K" restricted to S^~^. 

For these KIDs we have the following result. 


Proposition 2.4. Let {M,g,'!T) be asymptotically hyperbolic initial data of type 
{a,T,To) for 0 < a < 1, r > ^, and tq > 0. Then for every V G N the charge 
integral Q(v,-dv)i9^'^) well-defined and can be computed by the formula 

Q(V,-dV) {9,T^) 

= ^lim J (v{div^ e — dtr^ e){ti^ e)dV — {e-i-2r]){'S/’^V, (n) 

Proof. Integrating © over H" \ Br^ and using the divergence theorem we obtain 
Qiv-dv) (5,7r) 

= [ {^{'^*{ 9 ,'^)) - Q{e,v),iV,-dV))dp^ [ l[J(y_dy)(e,?7)(y)d7i^ 

JSr„ 

Estimating Q(e, ry) as in PHI Equation (12)] and using our assumptions on the 
decay of the initial data, we see that the integral over H" \ Br^ converges, hence 
Q(v.-dV)(ffiis well-defined. 

We refer to pol Section IV.2.B] and references therein for the derivation of the 
formula (|S]). □ 


Definition 2.5. Let {M,g,TT) be an asymptotically hyperbolic initial data set. 
Then the mass of {M,g,TT) is the linear functional A4(g^Tr) : A/” — 5 > R given by 

Ad(g,^)(y) = 2(„-lV„-l (S: T^), 
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where ujn-i denotes the volume of the unit sphere (S'” cr). 

This is the same as the expression for the Bondi mass obtained by Chrusciel, 
Jesierski, and L§ski in [7], under asymptotic decay conditions that however do not 
allow for gravitational radiation. See [ 20 ] for a discussion of coordinate covariance. 

As Proposition 12.41 shows, the mass functional is well defined for asymptotically 
hyperbolic initial data of type (a,T, tq) for 0 < a < 1, r > ^, and tq > 0. It is 
also straightforward to check that the mass functional is trivial for asymptotically 
hyperbolic initial data sets of type (a, r) with t > n. The following are two 
examples of the “critical” case t = n. 

Example 2.6. The Anti-de Sitter Schwarzschild Riemannian metric is given by 

dp^ 2 

ffAdSS = ——T- ^ + P <7 

t + p - 

on [a, oo) X 5”“^, where the inner radius a depends on to, see for example nni 
Appendix A]. It can be realized as an umbilic (that is, g = K) asymptotically 
hyperbolic initial data set for Schwarzschild spacetime, see Brendle and Wang [Q. 
In this case 

■^(f^(o)) = and A4(V'(j)) = 0 , 

for i = 1,... ,n, where to coincides with the mass parameter of the Schwarzschild 
metric. 


Example 2.7. For initial data with conformally hyperbolic asymptotics as in Def¬ 
inition it is not complicated to compute that 


M{V^o)) 


2(rt+l) 
(n—2)a;n —1 



vq -\- 


2(n+l) 
nUJn — 1 



{Yo)rdfJ.'^, 


and 

for i = 1 ,..., n. 


2(n-H) 



x^vo dpY 


2(n+l) 
nUJn — 1 



x\YQ)rdpY 


Concluding this section, we confirm that the mass is continuous as a function 
of asymptotically hyperbolic initial data sets of type (a,T, tq), where 0 < a < 1, 
T > ^, and To > 0. For simplicity, the charts at infinity are suppressed in the 
statement of the result and in the proof. 

Proposition 2.8. Let ( 5 , 71 ) and (p, 7 r) be asymptotically hyperbolic initial data sets 
of type (a, r, tq) for 0<Q;<l,r>^, and tq > 0. Given e > 0 there exists i5 > 0 
depending only on {g, tt) and e, such that if 

I|p-Pllc= < <5, Ik - 7r||ci < iJ, (9) 

and 

then for any V € {^0); ki)’ ■ • ■ ’ have 


(10) 
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Proof. Fix R> Ro- Arguing as in the proof of Proposition 12.41 we find that 
2 (n - lV„_i {M^g,.){V) - M^g,^){V)) 


n^\BR 


($( 5 , tt) - $( 5 , tt), (V, -dV)) d/ 


-f {Q{e,r,)-Q{e,fj),{V,-dV))dfi^ 

+ / (U(v",-dH)(e,??) - U(v',-dH)(e, ry)) (j^) 

Jsr 


Now suppose that {g, tt) is fixed and that 6 and {g, n) are such that dH) and (fTUl) 
hold. Then by assumption (nni) the absolute value of the first integral over H” \ S/j 
is bounded by C6 for some C > 0 depending only on (gi, tt). The same is true for 
the second integral over H” \ Bfi by assumption ([H]) combined with the fact that the 
remainder term Q(e, ry) in ® is at least quadratic in e and ry and their derivatives 
of order up to 2 and 1 respectively. As for the inner boundary integral, we see that 
its absolute value is bounded by for C > 0 depending only on {g,n). 

From this it is clear that S can be chosen so that the sum of the absolute values of 
these three integrals is less than e. □ 


3. Perturbation to strict inequality in the dominant energy 

CONDITION 


This section is devoted to the following result. 


Theorem 3.1. Let (M, g,7r) be an asymptotically hyperbolic initial data set of type 
(a,T, To) for 0<a<l, ^<T<n, and tq > 0. Assume that (M, (y,7r) satisfies 
the dominant energy condition, p > |J|g. Then for every e > 0 there exists an 
asymptotically hyperbolic initial data set {g,Tt) of type {a,T,TQ) for some Tq > 0 
such that 

||5-g||^2,. < £, IItt - 7f|lpy. < £, 

and the strict dominant energy condition 

p > (1 +7)klg 


holds for 7 > 0 , and 

\M^g,^){V) - Mpg^^){V)\ < e 

forV G{V^o),V^i),---,V^n)}- 

The argument follows [13 Proof of Theorem 22]. In simple terms it can be 
described as follows. We would like to choose symmetric 2-tensors h and w so that 
the perturbed initial data g = g+th and tt = n + tw satisfies p > | J|g for sufficiently 
small t > 0. From the Taylor expansion $( 5 , if) = $((y, tt) 'w) + 0{t‘^), 

we see that p = p + ^f + 0{t^) and J = J + tX + 0{t^), where {—f,X) = 
w). Further, 

I J|? = 

= - th^^ + + tX, + 0{t^)){Jj + tXj + 0{t^)) (11) 

= \J\l + t{2Xi -h^^J,)Jg+0{e), 

where indices are raised using the metric g. Hence if we set X^ = ^h^^ Ji then 
I J|g = I J|g -I- 0{t^), as long as the decay of | J|g at infinity is not faster than that of 
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the O(t^) term in the last line of (ITT]) . This leads to the expectation that ^ > \ J\g 
will be achieved if we can find a pair {h,w) such that w) = {—f,X), 

where Ji and / > 0. Indeed, in this case we have 

M ~ l'T|g = M ~ \ J\g + ^/ + 0(t^) > tf + 0{t^) > 0 

provided that the 0{t^) term above decays at least as fast as / at infinity. 

However, is not a determined elliptic operator (see Delay mi and this 

makes it difficult to ensure that the solutions of the equation = 

{—f,X) will have good asymptotic behaviour. This problem can be overcome 
by combining the above considerations with a certain construction introduced by 
Corvino and Schoen in their proof of the density result in [9j Theorem 1]. The 
idea is similar in spirit to the conformal method of solving the constraint equations 
(see for example [3 Section 4.1]) and is based on the observation that by suitably 
choosing a first order differential operator T) one can ensure that the linearization 
Dr|(i_o) of the operator 

T ■.{u,Z)^<^{u^g,u''^/'^{-K + VZ)Y (12) 

where n := is a second order elliptic operator with nice properties. 

We begin the proof of Theorem id. 1 1 with some preliminaries. For (u—1, Y) G C^'°‘ 
we let 

g = u^g, and n = u'^^'^{Tr + Cyg), (13) 

where C is the conformal Killing operator described in Section 12.11 Our choice 
of the operator 7) = C in (|12l) is motivated by the fact that the vector Laplacian 
Al = div £ is a well-known elliptic operator on asymptotically hyperbolic manifolds 
whose Fredholm properties (see Appendix El fit nicely into the context of the 
current argument. Let Jl and J be the energy and momentum densities of (g,^) 
computed via the constraint equations ©-([SI and consider the operator 

T{u,Y) = 

This conformal rescaling of the constraint equations is needed to ensure that the 
dominant energy condition scales correctly when we pass to the deformed initial 
data m, see (1^ and (IM)) below. 

It is straightforward to check that 

—2u'^'jl = — Seal® — n(n — 1 )m” -|- 2m”/^ tr® tt — ;j^(tr® tt)^ 

+ (kig + 2(71, £y5) -I- , (14) 

= {AlY -I-div® 7 r)j-I--I-£yg)^VfcU - ;^M“^VjUtr® tt, 
for j = 1, 2,..., n. Consequently, the linearization of T at (1,0) is 

DT\(^l^ 0 ){v,Z) = ^^g^ _ + 2{TT,Czg), 

X (15) 

{AlZ)j + ^^(k^7r|VfeU - ;^(tr® Tr)VjV^ , 

for j = 1,2,... ,n. The following lemma concerns Fredholm properties of the oper¬ 
ator Dr|(yo). 
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Lemma 3.2. If (M,g,TT) is an asymptotically hyperbolic initial data set of type 
(a,T) for 0 < a < 1 and r > 0 then £)T|(i o) is a Fredholm operator with index 
zero in the following cases: 

• as a map for 0 < fd < a, —l<S<n, 

• as a map —>■ Wg'^ for I < p < oo, —1<5 + < n. 

Proof. We give the proof in the case of weighted Holder spaces, the case of weighted 
Sobolev spaces is treated similarly. Write DT|(i_o) = Po + Pi, where 

Po : iv,Z) hA , 

and 

Pi : (v,Z) hA (;^(trS 7 r)i; + 2 ( 7 r,£ 25 ),^i^ 7 r^^Vfci;- ;^(tr9 7 r)VjA;) . 

Here Pq : Cl'°‘ —>■ C^'°‘ is a Fredholm operator of index zero for J e (—l,n), see 
Proposition IA.2I By [HI Lemma 3.6 (a)] the map Pi : (7^’“ ^ C'^+^ is continuous, 
whereas by the Rellich Lemma, [181 Lemma 3.6 (d)], the inclusion C^'°‘ is 

compact. We conclude that Pi : (7^’“ (7°’“ is compact for — 1 < 5 < n, and the 

claim follows. □ 


Recall that the constraint map $ is defined by the formula ((3]). A direct com¬ 
putation shows that the linearization of $ is 

w) = ^A®(tr® h) — div® div® h + {h, Ric®) 

tr^TT 


+ 2 1 - 


n — 1 


(tr® w — {h, tt)) — 2{h, tt o tt) + 2 {7r, w), 


(div® w)k - h^^ViTTjk - (div h)j7r^ + ^Vj(tr® h)7rl - , 

where (tt o 7r)ij = g^^TTik’Kji- The formal adjoint of P$ is given by 

= [{XV)g,, - V.V.H + FRic., -2v[l- tt^ 


- 2^71,^^^"^ + + 7r,feV,A'=) - i(div7r)fcA'=gy 

- \{'K,Cxg)gij + \X^VkTrij + l{divX)TTij, 


(16) 


-l{Cxgh + 2V{l- 


tr^TT 
n — 1 


gij + 2F7ri 


The following lemma is the analogue of m Lemma 20] in the asymptotically hy¬ 
perbolic setting. The proof of the cited Lemma is similar to 0 Proposition 3.1]. 


Lemma 3.3. If (M,g,TT) is an asymptotically hyperbolic initial data set of type 
(a,T) for 0 < a < 1 and r > 0 then the linear map A : Wg’^ x Wg'^ —>■ Wg'^ 
defined by 

A{h,w) = P$l(g,^)(h,w;) - (0, i/i'J;) 

is surjective for I < p < oo and —1 < (5 + < n. In particular, : 

Wg’^ X Wl'^ Wg'^ is surjective for 1 < p < oo and —1 < (5 + < n. 
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Proof. The first step is to show that A has closed range. For this we compute 
A{vg, Czg) = — l)(A®u — nv) + (Seal® + n{n — l))u 

- 2u(tr® TT - ;j^(tr® Trf + \Tr\l) + tzg), 
iALZ)i - u(div®7r)i + (f - l)TrfyjV - i tr® ttV^u - ^vJ^y 
Reasoning as in the proof of Lemma 13.21 we conclude that the operator 

{v,Z) i-A A{vg,tzg) 

is a Fredholm operator TTJ’® —)• Wg’^ for 1 < p < oo and —1 < i5 + < n. Its 

range is contained in the range of the operator A. Consequently, the range of the 
operator A has finite codimension in W^’^, and hence it is closed. 

Next we need to show that kerA* is trivial. Let p* be such that - + ^ = 1. 

r p p* 

Then is dual to under the standard Lf pairing, see [TH Chapter 3]. 

Note that we have —1 < —<5 + < n as a consequence of —1 < i5 + < n. It 

follows from (IT6)l that kerA* consists of {V,X) G W^g such that 

{AV)g,, - V^VjV + FRiCy = 2V (^1 - + 2VTT,k7r^ 

+ ^{divn) kX’^g.j + \{TT,Cxg)gij 

- \X^XkT^ij - X)TT^j 

+ \{XiJj + XjJi)^ 

Jdxg = 4F f I - ^ ^ j 5 + 4F7r. 

As a consequence of the second equation we have Cxg S IF°’® . Taking the trace 
of the first equation we have 

AV-nV = V* 0“(e-^’') + X * 0“(e-^’') + Cxg * 0“(e-^’'), (18) 

where 0°‘(e~'^^) denotes a section T of some geometric tensor bundle of relevant 
type such that T G C°’“, and A-kB denotes a tensor which is obtained from A®B 
by raising and lowering indices, taking any number of contractions, and switching 
any number of components in the product. By standard elliptic regularity m 
Lemma 4.8 (a)] we conclude that V G W'^f . As a consequence of the second 
equation in dm we have 

o / tr^ TT 

Cxg = 4F ( TT- g 

\ n 

Taking the divergence, we obtain 

AlX = VkO°^{e-^^) + XV*0‘^{e-^^). (19) 

Thus X G , again by standard elliptic regularity. Since {V,X) G W'^g the 

right hand sides of equations (fT^ and (IT^ are both in Using Proposi¬ 

tion improved elliptic regularity |18l Proposition 6.5], and the continuity of 
the embedding ^ for e > e', we conclude that (U, X) G IF^’®* for 
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any 7 such that — 1 < 7 + < n. Therefore we may without loss of generality 

assume that 1 < 7 < n — = 1 + 

In fact, we can show that (y,X) e for some 0 < /3 < 1. Indeed, if p* < n 

2 

then {y,X) e by the Sobolev embedding theorem [TSl Lemma 3.6 (c)] 

and standard elliptic regularity applied to equations (fTSl) and (IT^ . Repeating this 
argument we obtain that {V,X) e for some q > n and thus {V,X) e for 
some 0 < ,5 < 1 by Sobolev embedding [181 Lemma 3.6 (c)]. Applying standard 
elliptic regularity to the equations dUD and (HU we conclude that (y,X) G C^’^. 

Next we show that (V, X) vanishes to infinite order at infinity. That is, {V, X) = 

(7(g-Arr) N > 0. As a consequence of (flTl) and Definition 12.21 we see that 

{V,X) is a solution to the system 

Hess^’R -Vb = Vir 0(6“^’') + VR * 0(6"^’') + X * 0(6"^’') + VA * 0(6“^’'), 
Cxb = Wb + XirOi + R * Oi , 

where Oi{e~'^^) denotes a section T of the relevant geometric tensor bundle such 
that T gC].. From the first equation and the fact that {V,X) G we conclude 
that V satisfies the ordinary differential equation 

d^V -V = f 

along radial geodesic rays, where / = Since r + 7 > 1, it fol¬ 
lows that V = see formula (l42l) for the explicit form of the solu¬ 

tion. Then V G ^^+7 by standard elliptic regularity applied to ([T^ . Combin¬ 
ing this with the second equation, we see that {jCxb)rr = which 

yields drXr = Integrating this relation from r to 00, we obtain 

that Xr = Differentiating the expression for Xr with respect to /i 

we obtain df^Xr = Here we work in polar coordinates for hyperbolic 

space, (H", b) = ((0, 00) x S'^~^,dr^ + sinh^ r a), the subscript r denotes the radial 
component and ^ denotes components in a coordinate system on the sphere. It 
follows that 

drX^-2 coth rX^ = /, 

where / = and hence = sinh^ r sinh^ s ~ 0(6“^'^+'*'“^^’’). 

Thus |A|f, = 0(6“^'^+'''^’’), and hence A G by standard elliptic regularity 

applied to (ITOl) . We proceed by induction and deduce that {V,X) = 0{e~^'~) for 
any A > 0. 

To conclude the proof, note that, as a consequence of (ITTI) . {V,X) € satisfies 
a differential inequality 

|A(y,A)| <C(|(D,A)| + |V(D,A)|), 

where A = V*V is the rough Laplacian. Since (V, A) vanishes to infinite order at 
infinity, a standard unique continuation argument, see Appendix O implies that 
(y. A) vanishes identically. □ 

We use the subscript c on a function space to denote the subspace of sections 
with compact support. 
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Lemma 3.4. Let (M,g,n) be an asymptotically hyperbolic initial data set of type 
{a,T), where 0 < a < 1 and ^ < t < n. Then for any f S C°’“ there exist 
{v,Z) G C^’“ and symmetric 2-tensors {h,w) G C'^’“ so that 

DT\^,^o)iv,Z)+D<^>\(^g^^)ih,w) = if, \h^^Ji). ( 20 ) 

If in addition f G for some tq > 0 then {v, Z) G C^’“- 

Proof. For some p > n we choose 7 > 0 so that — 1 < 7 + < r. In this case 

(jk,a ^ for A: = 0,1, 2. Further, by Lemma lX^ the operator DT|(i_o) ^ —>■ 

W^’P is Fredholm with index zero. Since the linear map A : x > Wf^’P 

defined in Lemma 13.31 is surjective, we can find symmetric 2-tensors ihk,Wk) G 
Wfj'P X W}^’P, k = such that their images A{hk,Wk) span a subspace 

that complements in W°’P. Note that by the density of compactly 

supported sections, m Lemma 3.9], together with the continuity of A we may 
assume that ihk,Wk) G Consequently, since / G W°'P we can find iv,Z) G 

W^’P and ih,w) G (7^’“ such that (|20)) holds. By Sobolev embedding {v, Z) G (7;]’“. 
Since 7 > 0 and / G (7°’“ it follows from (IT5|) that {Av — nn, A^Z) G (7°’“. From 
[m Proposition 6.5] we conclude that {v,Z) G (7^’“. 

To prove the second claim note that outside a sufficiently large compact set 
iv,Z) G (7^’“ satisfies (Av — nu, A^Z) G for some e > 0. This is an im¬ 

mediate consequence of m and the fact that r > ^. The claim follows from 
Proposition [B]2j □ 


Proof of Theorem \3.1\ With the above lemmas at hand, the proof differs very little 
from that of [H Theorem 22]. We choose a positive (7^’“ function / such that 

f — g-(»+min{l,ro})r 


near infinity, and let (w, Z) G (7^’“ and {h, w) G (7f’“ be a solution of the system 
DT\^,,o)iv, Z) + = (-/, i/i'J;), 

which exists by Lemma |T4j We will show that for a sufficiently small t > 0 
g = [1 + tvYig + th) and it = tvY^'^i'K + tCzg + tw) 

is an initial data set whose existence is asserted in the theorem. Note that II 5 — 
gWc'^.c < e, IItt — 7 r||g,i,c < e provided that t is sufficiently small. 

We will verify that p > (1 +7)|7|g for some 7 > 0 depending on t. Set u = l-\-tv 
and define 

-I- tv,tZ,th,tw) = 

Linearizing we have 

$ 1(1 -I- tv,tZ,th,tw) = 4 ) 1 ( 1 , 0,0,0) + tT14)i|(i_o,o,o)(^'j Z, h,w) PTZ 

= (~2/x, J) tIIT|(i Q)(u, Z) -|- ,r)(^! w) -\-Tl (21) 

= i—2p, J) t{—f, ^h^Jk) + TZ, 


where the remainder term TZ = TZit, v, Z, h, w) can be written as 
TZit, V, Z, h, w) = $ 1(1 -|- tv, tZ, th, tw) — $ 1 ( 1 ,0, 0,0) — t7?4)i](i_o,o,o)(^)) Z, h, w) 


— t / [D^i\(^i^0tv,etz,eth.9tw) — 0 , 0 , 0 )] {v, Z,h,w) dO, 

Jo 

by the mean value theorem. 
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We first prove that 

|7^| < = 0{t^f), (22) 

where the constant C > 0 does not depend on t and is uniform for all points. For 
this it suffices to estimate TZ outside the support of {h, w) where it takes the form 

7^(^, v,Z) =t [ [DT\^i^0tv^Qtz) - DT\(^i^o)] {v, Z) dO. 

Jo 

Using da we compute 

I?T|(„ y)(u, Z) = — n(n — 1 )ku'^~^v 

+ KM 2 tr® TT + 2(7r, C-zg) + 2{Czg, t^yg), 

{AlZ), + H^Vfc(uM-i)(7r + Cyg)’; 

+ ku{izgfj - ;j^Vj(MU"^)trS tt). 

Then it is not complicated to check that 

\DT\(i+etv,etz)iy, Z) - DT\(i^q){v, Z)\ < 9tQ{v, Z) 
where Q is a quadratic function of u, its first and second order covariant derivatives, 
and Czg, which is uniformly bounded in 0 G [0,1]. Hence (1^ holds. 

By (1^ we have 

u'^p. = fi+^f + 0{ff) and Ji = Ji + Jk + 0{f f). 

In particular, for sufficiently small t > 0, we have 

u'^p> g,+ ^-f. (23) 

Recall that h is compactly supported, hence we may write 

=u-^{g^^ -tg^'^K + 0{ef)). 


Since / is positive, we obtain 

= {g^^ - tg^^K + 0{t^f)){J. + h\Ji + + 0{t^f)) 


= \J\^^ + 0{tV\gf + t^n 


tf 


tf 


ep 


tf. 


< ( + “T 


t 
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Is ■ 4 

for t > 0 small enough, so we find that 


U I J|g < I J|g + 


(24) 


for such t. 

Fix t > 0 such that (|23)) and (l24l) hold. Note that our choice of / implies that 
sup^ {\J\g/f) < oo. Therefore for any x G M such that |T|g(a;) 7 ^ 0 we have 

g ^ g + tf/3 ^ \j\g + tf/3 ^ ^ t 

PVg u-Plg |J|, + t//4 - |J|g + t//4 12(|J|g//) + 3t 


>1 + 7, 











A DENSITY THEOREM FOR ASYMPTOTICALLY HYPERBOLIC INITIAL DATA 


15 


12 supM(P|g//) + 3<' 

In points where \J\g{x) = 0 we have /I > 0 by ([23)l . Consequently, we have ^ > 
(1 + 'y)\J\g everywhere on M as desired. 

Note also that (/I, J) G '^o = niin{l,ro} by (1^ . the asymptotics 

of u, and the properties of TZ. In particular \\{p,J) — (/i, J)||(^o can be made 
arbitrarily small for a sufficiently small t. Thus Proposition 12.81 guarantees that 
|X(s, 77 )( 0 ^ holds. □ 

4. Perturbation to conformally hyperbolic asymptotics 

In this section we prove the following result. 

Theorem 4.1. Let (M, g, 7 r) be an asymptotically hyperbolic initial data set of type 
(a,T, To) for 0<a<l, ^<T<n and tq > 0. Assume that the dominant 
energy condition fi > \J\g holds. Then for every t' < t and e > 0 there exists 
an asymptotically hyperbolic initial data set {g,Tt) which has conformally hyperbolic 
asymptotics with respect to the same chart, and is such that 

||5 - 511 ^ 2 ,. < £, IItt - Tfll^y < £, 

the strict dominant energy condition 

fL > \ J\-g 

holds, and 

|M(,,.)(P)-M(,,*)(P)|<£ 

for any V G {V(;o), V(;i),..., P(„)}. 

In [101 Appendix B] a similar result was proven in the simpler case when tt = 0. 
The proof of Theorem 14.11 is very similar to [13 Proof of Theorem 18]. Its main 
ingredients are Theorem 13.11 and the following lemma. 

Lemma 4.2. Let {g, tt) be an asymptotically hyperbolic initial data set of type (a, t) 
for 0 < q; < 1 and ^ < t < n and suppose that t' < t. Then there are positive 
constants Cq and do such that for any {p,, J) G C°’“ with \\(fj, — p, J — J)||po,Q < 
6 < do; there exists initial data {g,Tt) of type (a,T) with the following properties. 

• The energy and momentum densities of{g,Tf) are p and J. 

• Outside of a compact set {g, tt) is of the form 

g = u'^b, TT = u'^^^Cyb 

for {u-l,Y) G 

• The initial data (g, ir) is close to ( 5 , 71 ) in the sense that 

II 5 - gWclA ^ C'o<5, IItt - 7f||py < Cod. 

Proof. The proof uses the construction introduced by Corvino and Schoen in |3 
Proof of Theorem 1], which is similar to the one that was used in the proof of 
Theorem l3.ll Given {g, tt) as in the statement of the theorem and {u — l,Y) G 
we define the map 


T(g,^){u,Y) = + Cyg)). 
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It follows from (IT4ll that the components of are given by 

—2J1 = — u“”Scal® — n{n — 1) + 2 tr® tt 

- 7r)2 + (^\Tr\l + 2 {tt, Cyg) + \tYg\f) , 

Jj = u~2 {AlY + div®7r)g + ^^3^M“2“^(7r + CYg)jVkU 

- ;i^^^“2”^tr9 7rVgW, 

for j = 1, 2,..., n. From this formula it is straightforward to compute the lineariza¬ 
tion 

1(1,0)(n, Z) = :^Sca.Wv - ^{tiS 7 t)v 

+ - ;I^klg^' + 2(71, Czg), 

(AL^)g - ;r^(div® 7r)gi; -h - ;j^(tr9 7r)Vgi;) . 

Since Seal® -I- n{n — 1) G we may argue as in the proof of Lemma [32] and 

show that -DF(g ,r) 1 ( 1 , 0 ) is Fredholm of index zero as an operator C^’“ ^ Cg'°‘ for 
— 1 < d < n and as an operator IF^’^ —>• VF°’® for —1 < 7 -|- < n. Fix t' G 

(^,r) and let Ur' denote a complementing space for the kernel of Z3 T|(i_q) in C^;“. 
Arguing as in the proof of Lemma 13.41 we conclude that there exist finitely many 
pairs of compactly supported symmetric 2 -tensors (hk^Wk), k = such 

that their images Z?$|(g ,r)(^fc, U!k) form a basis for a subspace which complements 
DT(^g^n)\{i,o){Cr'°‘) in C^;“. Set Vr' := span{(/ife,ii;fc)}fe=i,,,,,Ar. We define the map 
S(g,.) : Ur' X K' ^ by 

S(g,^) : (u, Y, h, w) H> + h, u‘^I'^{'k -t tyg) + w). (26) 

Then the linearization Z3S(g ,r) l(i,o,o,o) • Ur> x Vr' —>■ C°;“ is given by 

-^“(9.7r)|(l,0,0,0) : Z,f],uj) ^ DT(g,7r)|(l,0)('y, Z) + D$|(g,^)(?7, uj) 

and is an isomorphism by construction. 

Using the chart at infinity T : M \ Kq —>■ H" \ Bhq , we define the cut-off function 
XA(a;) = where y : K. —>• K. is a smooth function satisfying x(r) = 1 for 

r < 1 and x(r) = 0 for r >2. For a sufficiently large A > 0, the cut-off initial data 
{g\,TTx) is given by 

5a = XAff + (1 - 7rA=XA7r. 

Since t' < t we have 

II5-5a|Ic 2;- ^0 and ||7r - ttaUcIjo ^ 0 (27) 

t' t' 

as A —>• 00 . Hence 

||$(g,7r) - $(5A,7rA)||cV ^ 0 (28) 

t' 

cLs A —y 00 . 

Similarly to ([26|) . we define the map E!(g^, 7 r;,) : Ur' x Vr' —>■ (7°;“ by 
d": h, w) ^ <S>iu'^gx + h, u'=/^(7rA -k Cygx) + w). 

The linearization iAS(g^,^^)|(i, 0 , 0 , 0 ) ■ Ur' x Vr' C'°;“ is given by 

^“(9a,’’■>,) I( 1 . 0 , 0 , 0 ) ■ ( 77 ,5, ^) '^ -^"^(gx.TTx) 1 ( 1 , 0 ) (i", .^) + T14>|(g^,^^ )(77,w)- 
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As a consequence of (l27|l . the operators |(i_o,o,o) converge to the isomor¬ 

phism ,r) |(i,o,o,o) as A ^ oo in the uniform operator topology. It follows that 
there exists a positive Ao such that for any A > Ao the linearization iA5(g^ |(i, 0 , 0 , 0 ) 
is an isomorphism. Note that 0,0, 0) = ^{g\,TT\) = J\). Ap¬ 

plying the Inverse Function Theorem, see for example m Theorem 4.2 and Re¬ 
mark 4.3]), it is not complicated to check that there exists po > 0 depending only 
on (p,7r) such that (1,0, 0,0) ->• 0,0,0)) is a diffeo- 

morphism for any A > Aq. Furthermore, there exists a constant C > 0 depending 
only on {g, tt) such that 


Cjl (u, V, h, w) - (1,0,0,0)||c,2,. < ||S(g,,^,)(u, y, h, w) - (-2pA, Jx)\\c°x (^ 9 ) 

holds for any {u, Y, h, w) £ Bp^ (1,0, 0,0), and such that 


Bcpo (-2pA, J\) C =(gx,7i-A) (^po (1> 0; 0)) • 

Now set (5o = Cp^jl and suppose that (/2, J) is such that ||(2(p—p), J—J)\\^o,c, < 
S < 6o- By (pS)) we may assume that A > An is such that \\{2{p —fix), J — Jx)\\Q 0 ,a < 

S, hence (—2p, J) G Bcpg [—2p\, J\). Then it follows from the above discussion that 
there exists {u,Y,h,w) G Bpp(l, 0,0,0) such that E(^g^ .,^^-^{u,Y,h,w) = (—2/2, J). 
As a consequence of (1^ we have 

||(u — 1, y,/i, w) 11(^2,c <2C~^S. 

t' 

Further, it follows from (ESI) that outside of a compact set {u,Y) satisfies 
-2m'‘+^/2 = A^u + n{n - I)(u - m'"+^) -|- u\jC.Yb\l, 

(30) 

WJg = {AlY)^ + ^(^u-\CYb)';Vku. 

This implies that v = u — 1 and Y are such that (u, y) G and 

{A%-nv,ALY) G CO’", 

hence {v,Y) G by the improved elliptic regularity [TSl Proposition 6.5]. 

It is now straightforward to check that there exists a constant Cq > 0 such that 
the initial data 


9 = u^9\ + h, TT = u'^/'^{ttx+ Cy 9\) +w 


has all the required properties. 


□ 


The following result is not complicated to prove. 

Proposition 4.3. Suppose that (M, p,7r) is an asymptotically hyperbolic initial 
data set of type {a, r, tq) for tq > 1 such that 

g = u'^b, TT = u'^l'^LYb 

outside of a compact set for some (u — l,y) G Then {g,Tr) has conformally 

hyperbolic asymptotics in the sense of Definition \2.S\. 

Proof. In this case it follows from ((311)1 that outside of a compact set v = u — 1 and 
y satisfy 

{A\-nv,ALY)£CX 

for some £ > 0. Then {v,Y) G by Proposition |BT21 More specifically, from the 
proof of Proposition IB. 2 1 we see that {v,Y) is of the form ([5]), where (To,yo) does 
not depend on r, and (Ti,yi) G 
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Inserting u = v + 1 and Y back in (pHI we conclude that (wi, Yi) € satisfies 
{IS^vi -ni;i,AiYi) e 

Thus (wi, Yi) G C'^+i by Proposition IB. 21 □ 

Proof of Theorem \4.1\ By Theorem 13.11 we may without loss of generality assume 
that ^ > (1 + 7 )|T|g for some 7 > 0. Let ^ be a smooth function such that 
f^{x) = outside a compact set. For xa as in the proof of Lemma 321 set 

6 := XA + (1 - Xa)C- Then & C^fi+ro and 

||(/i,J)-(eAA^,CAJ)|lc'>-, ^0 (31) 

n + Xg 

as A —>■ 00 for any Tq < tq. By Lemma 14.21 and Proposition 14.31 we may construct 
initial data sets (5 aj7''a) with conformally hyperbolic asymptotics, whose energy 
and momentum densities are and such that 

Wg - gxWclf ^ ||7r-7rA||(oi,o -)> 0 (32) 

for any r' < r as A —>■ 00 . In particular, Hg — gx\\c° —>■ 0 as A —>■ 00 thus \ J\^g^ = 
I J|g(l + 0 ( 1 )) as A ^ 00 . It follows that 

eAM>a(l + 7)kls> (l + l) 

for A sufficiently large, hence {gx, tta) satisfies the strict dominant energy condition. 
Further, since and (1321) hold for any 0 < Tq < tq and ^ < r' < r, it follows by 
Proposition 12.81 that 

^(g,7T){y) 

for all V € {V(o), V(i),..., V(„)} as A —>■ 00 . □ 

5. Initial data with Wang’s asymptotics 

In this section we show that the results of Section [3] extend to yet another 
important class of asymptotically hyperbolic initial data. 

Definition 5.1. Let {M,g,TT) be asymptotically hyperbolic initial data of type 
(a,n) for 0 < a < 1. We say that (M, g, 7 r) has Wang’s asymptotics if there exists 
i?o > 0 and a diffeomorphism 

: M \ iXo ^ H” \ 

with the following properties. 

1. The pushforward of the metric g under ih satisfies 

= dr"^ + sinh^ rgr, (33) 

where 

gr = a + me-’’’’' + 0(e-(”+i)’’) 

is an r-dependent family of symmetric 2 -tensor on and m is a sym¬ 

metric 2 -tensor on 5'"“^. 

2. The pushforward of the 2-tensor tt under ik satisfies 

(^*^),, = PrrC-’”'^ + 0(e-("+l)’’), 

+ 0{e-’”’), 

= P^.e-y-^y + 0(e-(”+i)’'), 


(34) 
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where p does not depend on r and p, v denote components in a coordinate 
system on the sphere. 

3. The asymptotic expansion (1331) is twice differentiable and the asymptotic 
expansion dal is once differentiable. 

Asymptotically hyperbolic metrics g with asymptotics (1331) were considered by 
Wang in [25] and have been studied in various contexts, see for example m, m, 
and [23]. 

The assumption that the metric has an asymptotic expansion (|33|) is not as 
restrictive as it might seem. Any sufficiently regular conformally compactifiable 
metric with the round sphere as the boundary at infinity and deviating from the 
hyperbolic metric at the “critical” order \g — b\i, = 0(6“"”) can be written in 
the form (I33p in appropriate coordinates. See, for example, O Section IV], [TJ 
Section 3], or | 8 ]. 

In the case when (M, g, tt) is an initial data set with Wang’s asymptotics a direct 
computation shows that the mass functional is given by 

■^(^( 0 )) = 2 (n-iVn-i m - 2prr) , 

and 

j {ntXfj m — 2pj.r) dp , 

for i = 1,..., n, where m and Prr are as in Definition 15.11 Further, we have the 
following result. 

Theorem 5.2. Suppose that {M,g,Tr) is an initial data set of type {a,n) for 
0 < a < 1 such that it has Wang’s asymptotics and satisfies the dominant energy 
condition p > \J\g. Then, for any £ > 0 there exists an asymptotically hyperbolic 
initial data set (g, 7 f) of the same type with Wang’s asymptotics such that 

h - gWcl-'^ < £, and || 7 r - 7 r||pi.<. < e, (35) 

the strict dominant energy condition 

P > \ J\g (36) 

holds, and 

\M^g,^){V) - Mpg^^){V)\ < e (37) 

for any V G {V(o), V(i),..., F(„)}. 

Proof. Let £ > 0 be fixed. Since C^’°‘ ^ for n > r and A: = 0,1,..., we can 
argue as in the proof of Theorem 13.ll to find [v, Z) G C^’“, and {h, w) G C^’°‘ such 
that for some sufficiently small t > 0 the perturbed initial data 

g = {1 + tv)'^ {g + th) and it = {1+tv)'^^‘^{TT+ tCzg+ tw) 

satisfies ((551) and ((551) . In particular, the positive function / used in this construc¬ 
tion should be chosen so that / = 0(e“^”+^^”) in order to ensure that {v,Z) = 
(vq, Zo)e~’^'" + (vi,Zi) for (uo,^o) G independent of r and {vi,Zi) G 
(compare the proof of Proposition 14.31) . Since in this case / might decay faster 
than J = 0(e“"'’'), it is not clear that there is a 7 > 0 such that p > [1 + 7 )] Jjg. 
However, this is not important in the current setting since we do not intend to 
make a further perturbation of {g,it). 
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Next we estimate the difference between the masses of the original data (g, tt) 
and the perturbed data {g,TT). Outside a compact set we have 

g = {l + tv)'^g and tt = {1 + + tCzg)- 

Set [/=(! + tu)” — 1 , then g — g = Ug, tt — tt = Utt + t{l + tvY^'^Lzg where 
U = Oi{tv) = A straightforward computation shows that for any V £ 

{V(o), V(i),..., V(„)} we have 




1 

2 {n—l)iJn — i 


lim 

R—¥oo 



Consequently, we have 


((n - l){UdV - VdU){v) - 2tCzb{V^V, v)^ dg\ 


< Ct{\v\cT + \Z\cO 

for any V £ {V(o), V(i),..., V(^n)} and (l37l) follows, after decreasing t if necessary. 

Finally, recall that g has asymptotic expansion (1331) with respect to a certain 
chart at infinity. With respect to this chart, g has the expansion 

5 = (1 + tv^dr^ + sinh^ r ^cr + (m + tKVoa)e~'^^ + . 

This expansion is not of the form ( 1331 ) • Nevertheless, we may argue as in [31 
Section IV] or [8] and introduce a new radial coordinate f = r — l^uoe""’' + 
( 3 (g-(n+i)r) gQ (g,7t) has Wang’s asymptotics in the new coordinates. In 
particular, 

g = dr^ + sinh^ f ^cr + (m + uog)e~"^ + . 

Using the asymptotic expansions of {g,TT) and (u, Z) it is straightforward to check 
that this change of coordinates does not affect the mass. □ 


Using the computations performed in the proof of Theorem 15.21 it is straightfor¬ 
ward to see that initial data sets with conformally hyperbolic asymptotics can be 
interpreted as initial data sets with Wang’s asymptotics after a change of the radial 
coordinate. This gives us the following equivalent form of Theorem 14.II 


Theorem 5.3. Let (M, g,7r) he an asymptotically hyperbolic initial data set of type 
(a,r. To) for 0<a<l, ^<T<n and tq > 0. Assume that the dominant 
energy condition pL > | J|g holds. Then for every t' < t and e > 0 there exists an 
asymptotically hyperbolic initial data set {g,Tt) with Wang’s asymptotics such that 

lk-7r||g.2,» < e, 

the strict dominant energy condition 

p, > \ J\g 


holds, and 




for any V £ {V(o), V(i),..., V(„)}. 
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6. Concluding remarks 

In this paper we have focused on the charge integrals Q{v,-dV)^ where V G 
{V(o), V(i),..., V(„)}. These charge integrals are associated (as described in Sec¬ 
tioning]) to the Killing vectors , dx^ of Minkowski spacetime which gen¬ 

erate infinitesimal translations in time and space. One may ask if the analogue of 
Theorem 14.11 can be proven for the remaining charges associated with the Killing 
vectors x'^dt + tdxi, 1 < * < n, and x^'dxi — x^dxi, ^ < i < j < n, which generate 
respectively infinitesimal boosts and rotations. In fact, using the general theory 
by Michel [501 Section IV.B] it is straightforward to check that these charges are 
well-defined and continuous under the assumptions of Proposition 12.41 and Propo¬ 
sition!^]^ As a consequence, we expect that the perturbation results of this paper 
can be extended to apply to these charges as well. Note that this is quite different 
from the situation in the asymptotically Euclidean setting, where the charges as¬ 
sociated with boosts and rotations are determined by terms of lower order in the 
asymptotic expansion of the initial data than the charges associated with transla¬ 
tions in time and space. For this reason a given asymptotically Euclidean initial 
data set can be perturbed slightly to achieve any value of angular momentum and 
center of mass in such a way that the mass and linear momentum do not change, 
see Huang, Schoen, and Wang [16]. (In particular, this shows that the mass and 
angular momentum inequality will in general not hold for asymptotically Euclidean 
initial data sets without the assumption of axial symmetry.) One does not expect 
such a result to hold in the asymptotically hyperbolic setting. 

It is also clear that we could have assumed higher regularity for the initial data 
{g,TT), say g G and tt G (7^-1’“ for fc > 2 , 0 < a < 1 and ^ < r < n, in 

which case the perturbed data ( 5 , 71 ) would have the same regularity throughout 
the article, as a consequence of standard elliptic regularity. 

Regarding the extension of the results to the case of weighted Sobolev spaces, 
note that in this case it is not possible to rely on the beautiful theory of Lee m- 
Instead, methods for operators asymptotic to geometric operators on hyperbolic 
space (compare Bartnik [4] Definition 1.5]) can be used, see for example the proof 
of Lemma 13.21 


Appendix A. Fredholm operators on asymptotically hyperbolic 

MANIFOLDS: CHART-DEPENDENT APPROACH 

Theorem C in Lee’s monograph |18] proves the Fredholm property of geometric 
elliptic operators acting on weighted Sobolev and Holder spaces on conformally 
compact manifolds. In this appendix we will show that the same result holds 
for asymptotically hyperbolic manifolds in the sense of Definition 12.11 We use the 
same definition of geometric tensor bundles and geometric elliptic partial differential 
operators as in the cited monograph. 

Let (M, g) be a C').’^-asymptotically hyperbolic n-manifold in the sense of Def¬ 
inition [2T] for n > 2, Z > 2, 0 < /3 < 1, and r > 0. Let : M \ Kq -g H" \ Bug 
be the chart at infinity. Given a geometric elliptic partial differential operator 
P : C°°{M;E) -G C°^{M;E) of order m < I we define the indicial map IsiP) ■ 
E\sn-i -G E\sn-i by setting 

Is{P)u := lim e®''P(e“®’^?l). 

r—^oo 
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Following [m Section 4], we call s S C a characteristic exponent at p € S'^~^ if 
/s(P) is singular at p. Using the fact that —it is not complicated 
to check that the characteristic exponents of P are constant on S^~^. Further, if P 
is self-adjoint one may verify that the set of characteristic exponents is symmetric 
about the line Re s = — k, where k = ki — k 2 is the rank of the geometric tensor 

bundle E C see [181 Proposition 4.4]. Similarly to the conformally compact 

case, we define the indicial radius of P as the smallest non-negative number R such 
that P has a characteristic exponent whose real part is — k + R. 

Theorem A.l. Let {M,g) be a connected asymptotically hyperbolic n-manifold of 
class , with n > 2, Z > 2, 0 < /3 < 1, and r > 0 and let E ^ M be a geometric 
tensor bundle over M. Suppose that P : C°°{M;E) C°°{M;E) is an elliptic, 

formally self-adjoint, geometric partial differential operator of order m, 0 < m < I, 
and assume that there exists a compact set K <Z M and a positive constant C such 
that 

\\u\\l-<C\\P uh2 (38) 

for all u G Cf°(M \K; E). Let R be the indicial radius of P. 

• If 1 < p < oo and m < k < I then the natural extension 

P : E) E) 

is Fredholm for |i5 -I- — -^^^1 < R- In that case, its index is zero, and its 

kernel is equal to the L^ kernel of P. 

• // 0 < a < 1 and TO<fc + a<Z + /3 then the natural extension 

P : Cs'^^iMiE) Cg~"'’°‘{M-,E) 

is Fredholm for |(5 — < R. In that case, its index is zero, and its kernel 

is equal to the L^ kernel of P. 

Proof. The proof goes as in [181 Chapter 6], except for the steps which explicitly use 
coordinates at infinity. We verify that these steps can be carried out in our setting, 
that is for asymptotically hyperbolic manifolds as in Definition 12.11 Specifically, 
we need to adapt the construction of a parametrix given in Proposition 6.2 and 
Corollary 6.3 of |18] . In fact, the construction of a parametrix turns out to be 
simpler than in the conformally compact case, since instead of countably many 
Mobius charts covering a neighbourhood of infinity we have a single chart, so there 
is no need to patch the coordinate charts together using a partition of unity. 

Let 4* : M \ Kq —>■ H” \ Bfig be a chart at inhnity as in Definition 12.11 As 
in m Appendix A] we use this chart to construct a bundle E H" which is 
defined using the same 0(n)-representation as the one which defines E, and an 
isomorphism T : ^ ^'|m\a:o- The isomorphism T, its inverse and their 

first I derivatives all have uniformly bounded norms on H” \ Bug, respectively 
M \ Kq. Let P : C°°(EP;E) C^{M.'^;E) be the operator on hyperbolic space 

with the same local coordinate expression as P. We define P' : C°° (H” \ Br„ ; E) 
by 

P'u = T-^PTu. 

Let Ri > Rq. Since P is a geometric operator and g is C').’^-asymptotically hyper¬ 
bolic, we conclude that for each 0<a<l, l<p<oo, and k such that 
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m < k < I and m<k + a<l + f3 there exists a positive constant C independent 
of i?i such that 

holds for all u G C^’“(]HI" \ Br^-.E), and 

||P U — < Ce MkllvEj“'P(H"\BRj;E) 

holds for all u G \ Br^ ; E). 

Now suppose that P satisfies (1551) . Then, by the properties of T, the operator 
P' also satisfies (1551) . Consequently, if Pi is sufficiently large, it follows by (gOl) and 
standard elliptic regularity that P satisfies ||m||l 2 < C'||Pu||i 2 for all u G (7^(11" \ 
Br^;E), possibly with a larger value of C than in (1551) . By [151 Theorems 5.7 and 
5.9] we conclude that P is invertible as an operator Wg’^{W^; E) E) 

for |(5 + ^ - ^1 < P and as an operator ^ P) for 

\S-^\< R. 

Assume that Pi > Pg is sufficiently large and let PTi be such that M \ Ki = 
\ Pfli). We proceed by defining the operators Q, S : C^{M \ Ki,E) —>• 
C^iM\K,,E) by 

Qu=TP-^T-^u, 

Su = TP-\P' - P)T-^u. 

Then it is straightforward to check that 

QPu = u + Su. 

It follows from the above discussion that Q extends to bounded maps 

Q:W°’P{M\Ko-,E)^WP’^iM\Ko;E) for \6 + ^ - ^\ < R, 

and 

Q:C°’“(M\Po;P)^C'™’“(M\Po;P) for \S - < R. 

Similarly, as a consequence of (1551) and (1501) . S extends to bounded maps 

S :Wp^’PiM\Ko;E)^Wp^iM\Ko;E) for \6 + ^ - ^\ < R, 

and 

5:C'7’“(M\Po;P)^C'™’“(M\Po;P) for |J-ii^|<p, 
such that if u is supported in M \ Ki, then 

\\Su\\^,p,p < Ce~'"^^\\u\\^r^,p, ||S'm||c™'“ < 

for some constant C independent of Pi and u. Without loss of generality we may 
assume that < i, and it follows that the operators 

Id+5* : WpPiM\Ki-E) WpP{M\Ki-E), 

Id+5* : C'P’°‘{M\Ki,E) C'P’°‘{M \Ki]E) 

have bounded inverses. This implies that, whenever u has support in M \ PTi, we 
have 

u = QPu, 

where Q = (Id +P)“^ oQ is bounded as an operator Wg’^{M\Ki; E) —)• WP'^{M\ 
Ki;E) and \ Ki-,E) —>■ C'P'°‘{M \ Ki;E), where S is in the same range 
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as above. As a consequence of this parametrix construction, improved elliptic 
regularity results |181 Proposition 6.5] hold for asymptotically hyperbolic manifolds 
as in Definition O 

The rest of the proof does not use coordinates at infinity, and the reader is 
referred to m for details. □ 

Proposition A.2. The operator A — n and the vector Laplacian satisfy the 
conditions of Theorem \A.1\ with R = . 

Proof. It is not complicated to check that the L^-estimate at infinity (1551) holds for 
A — n. For A^ the L^-estimate at infinity can be proven by standard methods, 
see for example Appendix B in m- The critical exponents of both operators can 
be computed using the explicit expressions for their components, see the proof of 
Proposition IB. 21 below. □ 

Appendix B. Solutions of critical order 

Suppose that P : C°°{M\E) —>• is a formally self-adjoint geometric 

elliptic operator of order m satisfying the conditions of Theorem I A. 1 l and let 6- < <5+ 
be its critical exponents. Roughly speaking, if m = 0{e~^^) for some <5 € ((5_,(5+) 
then Pu = 0(e“”’') for some n G ((5_,(5+) implies that u = 0(6“'^’’), see [T^ 
Proposition 6.5]. At the same time, Pu = 0{e~^+^) does not necessarily imply 
u = 0{e~^+^). An extensive study of the asymptotic behaviour of solutions outside 
of the Fredholm interval can be found in Chapter 4] in the case of conformally 
compact metrics. Analogous results can be proven for asymptotically hyperbolic 
manifolds as in Definition IQ using the following simple lemma. 

Lemma B.l. Consider the ordinary differential equation 

u" Au Bu = f. 

Assume that A^ — 4B > 0 so that the characteristic equation 
two distinct real roots S- < <5+. Suppose that dni) holds for u 
and f = f{r) = for some k > S^. Then 

• 6 > S- implies that u = 0{e~^+''), and 

• S > implies that u = 0(e~^’'). 

Note that we use a possibly non-standard characteristic equation which results 
from substituting u = e~^^ rather than u = into (l4T|l . 

Proof. This is a consequence of the explicit formula 

u = A-e-^-'^+A+e-^+'^ 

~ ^ 7 ^ r r 

for the solutions of dm. Note that A_ and A+ do not depend on r. 

In this paper we use the following result. 

Proposition B.2. Let {M,g) be a connected asymptotically hyperbolic n-manifold 
of class C\:^, with n > 2, I > 2, 0 < ft < 1, and r > 0. 

• Assume that v G (7°’° is such that Av — nv G for e > 0, 0 < a < 1, 
and 2 + a <l + p. If 6 > —I then v G <7^’“. If 6 > n, then v G (7^+^. 


(42) 

□ 


(41) 

— AX -|- i? = 0 has 
= u{r) = 
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• Assume that Z £ Cg'^ is such that AlZ £ for e > 0, 0 < a < 1, and 
2 + a < I + p. If 6 > —1 then Z £ If S > n, then Z £ 

Proof. We first prove the second claim. A straightforward computation shows that 
if Z £ then 

(AiZ), = + (n - l)drZr - uZ,) + 0{e-^^', 

(AlZ)^ = dl,Z^ + (n - i)drZ^ - 2(n - l)Z^ + 0(e-(^'+^-i)") 

for 7 = min{l,T}. Note that in our case Z £ C'|;“ for any 5' £ (—l,n) as a 
consequence of improved elliptic regularity [181 Proposition 6.5] so we may assume 
that (5' + 7 > n. Hence the components of Z satisfy 

dl.^Zr + {n- l)drZr - uZ^ = 0(6"'^’'), 

dl,Z^ + (n - 3)5,^^ - 2(n - l)Z^ = 

for K = min{(5' + 7 ,n + e}. From Lemma fB.ll it follows that Z^ = 0(e“”’'), and 
Ztp = hence Z £ C^’“ by standard elliptic regularity. Similarly, if 

d > n it follows that Z £ possibly after repeating this argument finitely 

many times in order to ensure that k = n A e. 

The first claim is proven similarly using Lemma IB. II and the fact that 

Av — nv = + (n — l)drV — nv + 0{e~^^ +7)»') 

for 7 = min{l, t} when v £ Cgl°‘. □ 

Appendix C. On the unique continuation property 

The following result is a straightforward consequence of the unique continuation 
results by Mazzeo [191 Theorem 7] and Kazdan [T71 Theorem 1.8]. 

Proposition C.l. Let {M,g) be a Cf.’^-asymptotically hyperbolic manifold for t > 
0 and 0 < /3 < 1, and let E be a geometric tensor bundle over M. Suppose that 
u £ C‘^{M\E) satisfies the differential inequality 

|Au| < C{\u\ + |Vu|), (43) 

where A = — V*V is the rough Laplacian. Ifu vanishes to infinite order at infinity, 
that is |u| = for any N > 0, then u = 0 on M. 

Proof. The hyperbolic metric b = dr^ + sinh^ r a clearly satisfies the conditions 
(4)-(6) in [19]. We may therefore combine Theorem 7 in this reference with the 
fact that g — bG to conclude that for any z £ C^{M;E) vanishing on {r < tq} 
and to infinite order at infinity we have 

t^ [ e^^^\z\^dpL3+t [ < (^0 / e^^^\Az\^ dp.^ (44) 

J M JM J M 

Here it is assumed that t and tq are sufficiently large, and that Cq does not depend 
on t. We now argue as in [T9| Corollary 11] and set z = (fu where 4> vanishes on 
{r < To}, and is equal to 1 on {r > tq + 1}. As a consequence of (|4^ combined 
with (H51) we obtain 

roo rro + l 

{t^ - 2C'oC'^) / dpS < Co / dpP 

dro + l J ro 
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When t ^ oo the left hand side is at least of order whereas the 

right hand side has order Hence u = 0 on {r > ro + 1}. To conclude 

the proof, it suffices to note that u satisfies the conditions of the strong unique 
continuation theorem [T71 Theorem 1.8], thus u = 0 on M. □ 
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